The Froissart bound implies that the total cross section (or, equivalently, the structure function) cannot rise faster than the logarithmic growth of ln 2 1
Introduction
The notion of fractals found its applicability in high energy physics through the self-similar nature of hadron multiparticle production processes [1] [2] [3] [4] . The fractal characters of hadrons had also been pursued within a specific quark model [5] . Dremin and Levtchenko [6] first noted the relevance of these ideas in the contemporary physics of deep inelastic scattering. However, it was Lastovicka [7] who brought further attention to this notion when he proposed a relevant formalism and suggested a functional form of the structure function F 2 (x, Q
2 ) valid at small x. In recent years, the formalism was further analyzed phenomenologically [8, 9] .
In the present work, we explore the possibility of Froissart saturation [10] in the self-similarity based model of the proton, as it has attracted attention in the recent literature [11] [12] [13] [14] [15] [16] . It is well known that in the conventional QCD evolution equations, like the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [17] [18] [19] and Balitsky-Fadin-Kuraev-Lipatov (BFKL) [20] [21] [22] [23] approaches, this limit is violated; while in the DGLAP approach the small-x gluons grow faster than any power of ln 1 x ≈ ln s Q 2 [24] , in the BFKL approach it grows as a power of 1 x [20] [21] [22] [23] [24] [25] .
In Sec. 2 we outline the formalism, and Sec. 3 gives the results and a discussion. The conclusions of this work are highlighted in Sec. 4. so that
The integrated quark density then becomes
Since the explicit k
Specifically, we assume that h (k
and that it has the form suggested by Zavada [28] ,
with the average of k Using Eqs. (11) and (13) in Eq. (10), we have
Using Eq. (14) in Eq. (5), we get the modified version of the structure function asF
where
As mentioned earlier, the Froissart saturation condition is obtained if
Equating the rhs of Eq. (15) and Eq. (17), we have
Equation (18) is the desired Froissart saturation condition on the TMD PDF in the present approach. It implies that a Froissart-compatible h (x, Q 2 ) should be able to cancel the power law divergent 2 ), where the x dependence comes from the exponent
2 ) is dimensionless and h (x, k 2 t , Q 2 ) = 1 in the model [7] .
Results and discussion
For the Froissart saturation to be incorporated into the modified model of Eq. (15), we need to choose a model fit to the data that has the required ln behavior and then appropriately modify the x dependence of the model of Ref. [7] . To this end, we use the expression for the proton structure function of Ref. [14] ,
and the parameters fitted from deep inelastic scattering data [14] are
x ≤ x p = 0.11 and F p = 0.413 ± 0.003 ,
The explicit form of the function h (x, Q 2 ) using Ref. [14] is given as
where I (x, Q 2 ) is as given in Eq. (16) and
is computed using the expression for the proton structure function as given in Eq. (19) . We note that, by construction, the model of Ref. [14] has Froissart saturation for x 0.09, which is well within the valid kinematic region of the present model [7] . Equation (22) , when used in Eq. (15), will have the desired Froissart saturation in the modified version of the model. h (x, Q 2 ) of Eq. (15) will then appropriately modify the x dependence of the model of Ref. [7] . Evaluating the integral I (x, Q 2 ) of Eq. (16) numerically and taking k and 0.045 ≤ Q 2 ≤ 120 GeV 2 and tabulate them in Table 1 . Table 1 : Values of h (x, Q 2 ) for given sets of x and Q 2 using the model of Ref. [14] . Table 1 shows that the modification is modest within the realm of the x and Q 2 values studied, which is reasonable, since similar data is successfully fit by both models. Large corrections are needed only at extremely small x and large Q 2 .
Graphical representations of the function h (x, Q 2 ) vs Q 2 and h (x, Q 2 ) vs x are shown in Figure 1 and Figure 2 respectively. 2 ) vs x using the model of Ref. [14] .
The figures show that h (x, Q
2 ) increases with Q 2 (Figure 1 ), while it decreases with x ( Figure 2 ). But the growth with Q 2 is much slower than that of the model of Ref. [7] , as expected.
Conclusions
In the present work, we have incorporated the transverse momentum dependence in the self-similarity based model of the proton at small x. We then argued that the logarithmic growth in ln 2 1 x is not compatible with the original self-similarity based model of Ref. [7] . We therefore added an additional function h (x, k 2 t , Q 2 ) containing two hard scales in the defining TMD PDF and obtained its compatibility with the Froissart bound. Comparing it with the phenomenological Froissart saturation model of Ref. [14] , we obtained the modified x dependence of the structure function through Eq. (22) .
It is also to be noted that the case D 2 ≈ 1, considered in Ref. [7] , fits just as well as the case when D 2 is allowed to vary in the fit to the data, so the essential x dependence in F 2 (x, Q 2 ) comes from the D 1 term in the model corresponding to the correlation term of the TMD of Eq. (1).
Plausible dynamics beneath the Froissart bound have already been suggested in the literature [30, 31] . It is also well known that if a new process like gluon recombination starts [32] , the number of small-x gluons might saturate to a limit compatible with the Froissart bound. The model of Ref. [7] falls short of accommodating such dynamics explicitly, as does the present work. However, the introduction of the new function h (x, Q 2 ) [with the explicit representation given by Eq. (22)] indicates a plausible way of parametrizing such effects in the modified version of the model. The physical significance of h (x, Q 2 ) is just this.
In this work, we have taken the notion of self-similarity merely as a basis to parametrize the TMD PDF, the parton distribution function, and eventually the structure function F 2 (x, Q 2 ) at small x. However, the variable in which the supposed fractal scaling of the quark distribution and F 2 (x, Q 2 ) occurs is not known from the underlying theory. In Ref. [7] , the choice of 1/x is presumably because of the power-law form of the quark distribution at small x found in the Glück-Reya-Vogt (GRV) distribution [33] . However, this form is not derived theoretically or from data, but rather follows from the power-law distribution in x assumed for the input quark distribution used by the GRV distribution [33] for the QCD evolution. The choice of 1/x as the proper scaling variable is therefore not established from the underlying theory.
A more plausible variable appears instead to be ln (1/x) (as has been used in the function of Ref. [14] ), which is consistent with the behavior of very high-energy interactions. In this case, when the self-similar TMD f i (x, k 2 t ) of quark flavor i is defined by the simple scaling variable ln (1/x), it will have the form ln f
causing the PDF defined in Eq. (3) to be
where D i is the proportionality constant.
The PDF and hence the structure function will be trivially compatible with the Froissart bound ln 
and the subsequent PDF becomes
(26) For very small x and large Q 2 , the second term of Eq. (26) can be neglected, leading toq
which satisfies the Froissart saturation condition if
within ln ln
corrections. The structure function will also have a similar result.
Thus the original model of Ref. [7] has two features:
1. The Froissart saturation condition is satisfied only with ln ln 1 x corrections.
2. The parameters D 1 and/or D 2 themselves should be Q 2 dependent so that the rhs of Eq. (28) is Q 2 independent.
In order to obtain the exact Froissart saturation condition without ln ln 1 x corrections, the correlation parameter D 1 should be vanishingly small (D 1 ≈ 0), in which case the lhs of Eq. (28) will be Q 2 independent as well.
On the other hand, it could also be argued that in order to have Froissartlike behavior the confinement scale should enter in the description. However, the notion of confinement is completely absent in the present approach. One possible way to incorporate such a scale is presumably through the redefinition of the scaling variable involving virtuality Q 2 , as has been done in Ref. [34] for the running coupling constant α s (Q 2 ). It will be interesting to study the consequences of the model in the future by suitably incorporating the confinement scale as well.
